Abstract. The paper deals with the initial-boundary value problem for the semilinear wave equation
Introduction
In this paper we consider the following problem: Find a pair (u, P) of functions satisfying where UQ,U\, f are given functions satisfying conditions to be specified later and the unknown function u(x,t) and the unknown boundary value P(t) 
P(t) = g(t) + H(u(0,t)) -\k(ts)u(0,s)ds, o
where g, H, k are given functions.
In [2] , Ang and Alain Pham have established unique global existence for the initial and boundary value problem (1.1)-(1.4) with UQ,U\,P are given functions and (1.6) f(u, ut) = \ut\ a sign(ut), (0 < a < 1).
By a generalization of [2] , Long and Alain Pham [7] , [9] , [10] have considered problem (1.1), (1.3), (1.4) associated with the following nonhomogeneous boundary condition at x = 0 having form t (1. 7) 14
,(0,t) = g(t) + H(u(0,t)) -\k(ts)u(0,s)ds. o
We have considered it with k = 0, H(s) = hs, where h > 0 [9] k = 0 [7] H(s) = hs, where h > 0 [10].
In the case of H(s) = hs, where h > 0, the problem (1.1)-(1.5) is formed from the problem (1.1)-(1.4) wherein, the unknown function u(x,t) and the unknown boundary value P(t) satisfy the following Cauchy problem for ordinary differential equation (1.8) P
"(t) + uj 2 P(t) = hutt(0,t), 0 < t < T,
(1.9) P(0) = P0, P'(0) = Pi,
where TO > 0, h > 0, PQ, Pi are given constants [10] .
In [1] , N. T. An and N. D. Trieu have studied a special case of problem (1.1)-(1.4), (1.8), (1.9) with UQ -U\ -PQ -0 and with f(U,ut) linear, i.e. f(u, ut) = Ku + Xut where K, A are given constants. In the later case the problem (1.1)-(1.4), (1.8) , and (1.9) is a mathematical model describing the shock of a rigid body and a linear visoelastic bar resting on a rigid base ( [1] ). Our problem is thus a nonlinear analogue of the problem considered in [1] ,
In the case where f (u,ut) = \ut\ a sign(ut) the problem (1.1) -(1.4), (1.8) , and (1.9) describes the shock between a solid body and a linear viscoelastic bar with nonlinear elastic constraints at the side, constraints associated with a viscous frictional resistance.
Prom (1.8), (1.9) we represent P (t) By eliminating an unknown function P{t), we replace the boundary condition ( In this paper, we consider two main parts. In Part 1, we prove theorem of global existence and uniqueness of a weak solution of problem (1.1)-(1.5). The proof is based on a Galerkin method associated to a priori estimates, weak-convergence and compactness techniques. We remark that the linearization method in the papers [6, 11, 12 ] cannot be used in [2, 4, 5, 7, 9, 10] . In Part 2 we prove that the solution (u, P) of this problem is stable with respect to the functions g, H and k. The results obtained here relatively generalize the ones in [1, 2, 4, 7-10].
The existence and uniqueness theorem
We first set some notations ii = (0,1),
where H\ H 2 are the usual Sobolev spaces on fi.
The norm in L 2 is denoted by || ||. We also denote by (, •,) the scalar product in L 2 or pair of dual scalar product of continuous linear functional with an element of a function space. We denote by ||-|| x the norm of a Banach space X and by X' the dual space of X. We denote by L p (0, T; X), 1 < p < oo for the Banach space of the real functions u : (0, T) -> X measurable, such that IMIc°(n) -IMIv i Vw e V. The proof is straightforward and we omit the details. We make the following assumptions: The function / : R 2 -> R satisfies /(0,0) = 0 and the following conditions: 
VER.
We also use the notations u'
Then we have the following theorem. Proof. The proof consists of several steps.
Step 1. The Galerkin approximation. Consider a special orthonormal basis on V
formed by the eigenfunctions of the Laplacian -d 2 /dx 2 . Put m
3=1
where cmj (t) satisfy the following system of nonlinear differential equations (2.9) (i£(t),Wj) + a(um(i),^) + Pm(t)t«j(0)
The system of equations (2.9)-(2.11) is rewritten in form Choosing M and T m > 0 such that
Hence, HL^cH x < M for all c 6 S, that is, the operator U maps S the set into itself.
ii) Next we show that this operator is continuous on S.
we also obtain from the equality
Now, we need an estimation of the term \\Vc -Vd\\ Q . We have (F3) , and (2.35), it follows that there exists a constant Km > 0 such that Then um(0, t) can be rewritten as
We shall require the following lemma. o o Noticing that for every T > 0,K m -> K strongly in L 2 (0, T) as m -> +oo, and using the assumptions (j4i) -(Ai) and the results (2.11), (2.56) and (2.66) we obtain (2.61). The lemma 4 is proved completely. 
(2.81) Pm{t) -f g(t) + H(u{0,«)) -\k(ts)u{0,s)ds = P(t) 0 strongly in C°([0,T]).
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Prom (2.78) and (2.81) we have (2.82) P = P a.e. in Q T .
Passing to the limit in (2.9) by (2.73), (2.74), (2.77), (2.81), and (2.82) we have
We can prove in a similar manner as in 
H1(t) = H(u1(0,t))-H(u2(0,t)).
Substituting P(t), x into (2.92) and noticing that the function / is nondecreasing with respect to the second variable, we have
Using the assumption (F3), we have
Using integration by parts in the last integral of (2.94), we get On the other hand, by using integration by parts and (2.98) it follows that t t 1 , H"(U2(0, s) + 9u(0, s))(u2(0, s) + 6u'(0, s) In the special case with k(t) = 0, the following result is the consequence of Theorem 1.
THEOREM 3. Let (Ai), (A 2 ), (A 4 ) and (Fi)-(F 3 )
hold. Then, for every T > 0, the problem (1.1)-(1.4) corresponding to P = g has at least a weak solution u satisfying (2.4) .
Furthermore, if (3 -1 in (F3) and if the functions H and B2 satisfy the assumptions (A$) and (F4), respectively, then this solution is unique.
REMARK 3. Same as the remark 2, Theorem 3 also gives same result in [7] but the assumption: " B\ is nondecreasing" used in [7] is not needed here.
Stability of the solutions
In this part, we assume that f3 = 1 in (F3) and the functions H, B2 satisfying (A5), (F4), respectively. By Theorem 1 the problem (1.1)-(1.5) has a unique solution (u, P) depending on g, k, H.
where g,k,H satisfy the assumptions (A2) (A5) and uo,u\,f are fixed functions satisfying (Ai), (Fi)-(F4). We put 
Proof. First, we note that, if the data (g,H,K) satisfy
then, the a priori estimates of the sequences {u m } and {P m } in the proof of the theorem 1 satisfy
j \PMfds < Vt e [0,T],VT > 0, o where CT is a constant depending only on T, iio, ui, /, Go, i^oj ^o (independent of fc, ii).
Hence, the limit (u, P) in suitable function spaces of the sequence {(u m ,P m )} is defined by (2.9)-(2.11), which is a solution of the problem (1.1)-(1.5) satisfying the a priori estimates (3.5)-(3.7). Now, by (3.2) we can assume that, there exist constants Go > 0, KQ > 0 such that the data (gj,kj,Hj) satisfy (3.4) with (g,k,H) = (g 0 , kj, Hj). Then, by the above remark, we have that the solutions (Uj,Pj) of problem (1.1)-(1.5) corresponding to (g,k,H) = (gj,kj,Hj) satisfy We remark that Vj(0,t) < ||vj(i)||y , consequently Multiplying two members of (3.19) by a number S > 0 and adding to (3.18), we have 
